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Abstract
The local classification of conformally flat Lorentzian manifolds with special holonomy
groups is obtained. The corresponding local metrics are certain extensions of Riemannian
spaces of constant sectional curvature to Walker metrics.
Keywords: Lorentzian manifold, special holonomy group, Walker manifold, confor-
mally flat manifold, Nordstro¨m’s gravity
1 Introduction and the main results
It is known [20] that a conformally flat Riemannian manifold is either a product of two spaces
of constant sectional curvature, or it is a product of a space of constant sectional curvature
with an interval, or its restricted holonomy group is the identity component of the orthogonal
group. The last condition represents the general case and among various manifolds satisfying
the last condition one can emphasize only the spaces of constant sectional curvature.
One says that the connected holonomy group of an indecomposable pseudo-Riemannian man-
ifold is special if it is different from the connected component of the pseudo-orthogonal group
[6]. In this case the holonomy group defines a special geometry on the manifold. For example, a
pseudo-Riemannian manifold of signature (r, s) is pseudo-Ka¨hlerian if and only if its holonomy
group is contained in U( r
2
, s
2
). We see that there are no conformally flat Riemannian manifolds
with special holonomy groups.
In the case of pseudo-Riemannian manifolds, the holonomy group can be weakly irreducible,
this means that it does not preserve any non-degenerate proper vector subspace of the tangent
space, and not irreducible in the same time, i.e. it may preserve a degenerate vector subspace
of the tangent space.
The main result of the present paper is the complete local description of conformally flat
Lorentzian manifolds (M, g) with weakly irreducible not irreducible holonomy groups, which
are the only special holonomy groups of Lorentzian manifolds. Let dimM = n + 2 ≥ 4. The
holonomy algebra, i.e. the Lie algebra of the holonomy group, g ⊂ so(1, n+1) of such manifold
preserves an isotropic line of the tangent space, which is identified with the Minkowski space
R
1,n+1. Hence g is contained in the maximal subalgebra of so(1, n+ 1) preserving an isotropic
line. This algebra is denoted by sim(n) and it admits the decomposition
sim(n) = (R⊕ so(n))⋉Rn.
The classification of the Lorentzian holonomy algebras g ⊂ sim(n) can be found in [13]. Any
manifold (M, g) with such holonomy algebra (locally) admits a distribution ℓ of isotropic lines.
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Such manifolds are called the Walker manifolds [5]. On any such manifold (M, g) there exist
local coordinates v, x1, ..., xn, u such that the metric g has the form
g = 2dvdu+ h + 2Adu+H(du)2, (1)
where h = hij(x
1, ..., xn, u)dxidxj is an u-dependent family of Riemannian metrics, A =
Ai(x
1, . . . , xn, u)dxi is an u-dependent family of one-forms, and H is a local function on M .
The vector field ∂v defines the parallel distribution of isotropic lines. An important class of
Walker manifolds form pp-waves that are given locally by (1) with A = 0, h =
∑n
i=1(dx
i)2, and
∂vH = 0, see [21]. The pp-waves are exactly Walker manifolds with the commutative holonomy
algebra g ⊂ Rn ⊂ sim(n).
We use the Einstein summation convention for the indeces i, j, k = 1, ..., n; we use the denotation
f˙ = ∂uf for any function f .
On a Walker manifold (M, g) we define the canonical function λ from the equality
Ric p = λp,
where p is any local vector field tangent to the distribution ℓ, and Ric is the Ricci operator. If
the metric g is written in the form (1), then λ = 1
2
∂2vH , and the scalar curvature of g satisfies
s = 2λ+ s0,
where s0 is the scalar curvature of h. The form of a conformally flat Walker matric will depend
on the vanishing of the function λ. In the general case we obtain the following result.
Theorem 1 Let (M, g) be a conformally flat (i.e. with zero Weyl curvature tensor) Walker
Lorentzian manifold of dimension n+ 2 ≥ 4. Then in a neighborhood of each point of M there
exist coordinates v, x1, ..., xn, u such that
g = 2dvdu+Ψ
n∑
i=1
(dxi)2 + 2Adu+ (λ(u)v2 + vH1 +H0)(du)
2,
where
Ψ =
4
(1− λ(u)∑nk=1(xk)2)2 ,
A = Aidx
i, Ai = Ψ
(
−4Ck(u)xkxi + 2Ci(u)
n∑
k=1
(xk)2
)
,
H1 = −4Ck(u)xk
√
Ψ− ∂u lnΨ +K(u),
H0(x
1, ..., xn, u) =
{
4
λ2(u)
Ψ
∑n
k=1C
2
k(u) +
√
Ψ
(
a(u)
∑n
k=1(x
k)2 +Dk(u)x
k +D(u)
)
, if λ(u) 6= 0,
16
(∑n
k=1(x
k)2
)2∑n
k=1C
2
k(u) + a˜(u)
∑n
k=1(x
k)2 + D˜k(u)x
k + D˜(u), if λ(u) = 0
for some functions λ(u), a(u), a˜(u), Ci(u), Di(u), D(u), D˜i(u), D˜(u).
The scalar curvature of g equals to −(n− 2)(n+ 1)λ(u).
If the function λ is locally constantly zero, or it is non-vanishing, then the above metric may
be simplified.
Theorem 2 Let (M, g) be a conformally flat Walker Lorentzian manifold
of dimension n + 2 ≥ 4.
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1) If the function λ is non-vanishing at a point, then in a neighborhood of this point there
exist coordinates v, x1, ..., xn, u such that
g = 2dvdu+Ψ
n∑
i=1
(dxi)2 + (λ(u)v2 + vH1 +H0)(du)
2,
where
Ψ =
4
(1− λ(u)∑nk=1(xk)2)2 ,
H1 = −∂u lnΨ, H0 =
√
Ψ
(
a(u)
n∑
k=1
(xk)2 +Dk(u)x
k +D(u)
)
.
2) If λ ≡ 0 in a neighborhood of a point, then in a neighborhood of this point there exist
coordinates v, x1, ..., xn, u such that
g = 2dvdu+
n∑
i=1
(dxi)2 + 2Adu+ (vH1 +H0)(du)
2,
where
A = Aidx
i, Ai = Ci(u)
n∑
k=1
(xk)2, H1 = −2Ck(u)xk
H0 =
n∑
k=1
(xk)2
(
1
4
n∑
k=1
(xk)2
n∑
k=1
C2k(u)− (Ck(u)xk)2 + C˙k(u)xk + a(u)
)
+Dk(u)x
k +D(u).
In particular, if all Ci ≡ 0, then the metric can be rewritten in the form
g = 2dvdu+
n∑
i=1
(dxi)2 + a(u)
n∑
k=1
(xk)2(du)2. (2)
Thus Theorem 2 gives the local form of a conformally flat Walker metric in the neighborhoods
of any point where λ is non-zero or constantly zero. Such points represent a dense subset of
the manifold. Theorem 1 describes also the metric in the neighborhoods of points at that the
function λ vanishes, but it is not locally zero, i.g. in the neighborhoods of isolated zero points
of λ.
Next, we find the holonomy algebras of the obtained metrics and check when the metrics are
decomposable.
Theorem 3 Let (M, g) be as in Theorem 1.
1) The manifold (M, g) is locally indecomposable if and only if there exists a coordinate
system with one of the properties:
• λ˙ 6≡ 0,
• λ˙ ≡ 0, λ 6= 0, i.e. g can be written as in part 1) of Theorem 2,
and
∑n
k=1D
2
k + (a+ λD)
2 6≡ 0,
• λ ≡ 0, i.e. g can be written as in part 2) of Theorem 2, and ∑nk=1C2k + a2 6= 0.
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Otherwise, the metric can be written in the form
g = Ψ
n∑
k=1
(dxk)2 + 2dvdu+ λv2(du)2, λ ∈ R.
The holonomy algebra of this metric is trivial if and only if λ = 0. Otherwise, the
holonomy algebra is isomorphic to so(n)⊕ so(1, 1).
2) Suppose that (M, g) is locally indecomposable. Then its holonomy algebra is isomorphic
to Rn ⊂ sim(n) if and only if λ2(u) +∑nk=1C2k(u) ≡ 0 for all coordinate systems. In
this case (M, g) is a pp-wave, and g is given by (2). Otherwise, the holonomy algebra is
isomorphic to sim(n).
In Section 2, the result of Kurita [20] is extended to the case of pseudo-Riemannian manifolds.
In Section 3, an expression for the curvature tensor and the Weyl conformal curvature tensor
W for a Walker metric is given. It seems that these expressions are given here for the first time.
Sections 4, 5 and 6 are dedicated to the proofs of the main theorems. We rewrite the equation
W = 0 as a system of partial differential equations and find appropriate systems of coordinates
such that the complete solution of this system can be found. In Section 7, the Ricci operator
for the obtained metrics is computed.
In Section 8, the case of dimension 4 is considered. Possible holonomy algebras of conformally
flat 4-dimensional Lorentzian manifolds are classified also in [9]. The metric (2) in dimension 4
is given in [25]. In [9], it is posed the problem to construct an example of conformally flat metric
with the holonomy algebra sim(2) (which is denoted in [9] by R14). An attempt to construct
such metric was done in [17]. We show that the metric constructed there is in fact decomposable
and its holonomy algebra is so(1, 1)⊕ so(2). Thus in this paper we get conformally flat metrics
with the holonomy algebra sim(n) for the first time, and even more, we find all such metrics.
The field equations of Nordstro¨m’s theory of gravitation, which appeared before Einstein’s
theory, are the following:
W = 0, s = 0,
see [22, 23, 26]. All metrics from Theorem 1 in dimension 4 and metrics from part 2) of Theorem
2 in bigger dimensions provide examples of solutions of these equations. Thus we have found
all solutions to Nordstro¨m’s gravity with holonomy algebras contained in sim(n). Similarly, the
Einstein equation on Lorentzian manifolds with such holonomy algebras was studied in [18]. In
this case it is impossible to obtain the complete solution, but the examples of solutions have
interesting physical interpretations [18].
An important fact is that a simply connected conformally flat spin Lorentzian manifold admits
the space of conformal Killing spinors of maximal dimension [3].
It would be interesting to obtain examples of conformally flat Lorentzian manifolds satisfying
some global geometric properties, e.g. important are globally hyperbolic Lorentzian manifolds
with special holonomy groups [4].
The projective equivalence of 4-dimensional conformally flat Lorentzian metrics with special
holonomy algebras was studied recently in [8]. There are many interesting works about confor-
mally flat (pseudo-)Riemannian, and in particular Lorentzian manifolds. Let us mention the
works [1, 19, 24, 7, 10, 11, 12].
The results of this paper are used in [2] for the classification of Lorentzian manifolds satisfying
the condition ∇2R = 0.
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2 Decomposability of conformally flat pseudo-Riemannian
manifolds
In [20], Kurita proved the following theorem for the case of Riemannian manifolds.
Theorem 4 Let (M, g) be an n-dimensional conformally flat Riemannian manifold. Then its
local restricted holonomy group Hx (x ∈M) is in general SO(n). If Hx 6= SO(n), then for some
coordinate neighborhood U of x one of the following holds:
1) Hx is identity and the metric is flat in U ;
2) Hx = SO(k)×SO(n−k) and U is a direct product of a k-dimensional manifold of constant
sectional curvature K and an (n−k)-dimensional manifold of constant sectional curvature
−K (K 6= 0);
3) Hx = SO(n − 1) and U is a direct product of a straight line (or a segment) and an
(n− 1)-dimensional manifold of constant sectional curvature.
We generalize this theorem for the case of pseudo-Riemannian manifolds. We also make it more
precise.
Theorem 5 Let (M, g) be a conformally flat pseudo-Riemannian manifold of signature (r, s)
with the restricted holonomy group Hol0(M, g). If (M, g) is not flat, then one of the following
holds:
1) Hol0(M, g) = SO(r, s);
2) Hol0(M, g) is weakly irreducible and not irreducible (in particular, it preserves a degener-
ate subspace of the tangent space);
3) Hol0(M, g) = SO(r1, s1) × SO(r − r1, s − s1) and each point x ∈ M has a neighborhood
that is either flat or it is a product of a pseudo-Riemannian manifold of constant sec-
tional curvature K and signature (r1, s1) and a pseudo-Riemannian manifold of constant
sectional curvature −K (K 6= 0) and signature (r − r1, s− s1);
4) Hol0(M, g) = SO(r − 1, s) (resp., Hol0(M, g) = SO(r, s − 1)) and each point x ∈ M
has a neighborhood that is either flat or it is a product of a pseudo-Riemannian manifold
of constant sectional curvature and signature (r − 1, s) (resp., (r, s − 1)) and the space
(L,−(dt)2) (resp., (L, (dt)2)), L is the straight line or a segment.
Proof. Let (M, g) be a pseudo-Riemannian manifold of signature (r, s) and dimension d = r+s.
The vector bundle so(TM) of skew-symmetric endomorphisms of the tangent bundle TM can
be identified with the space of bivectors ∧2TM in such a way that
(X ∧ Y )Z = g(X,Z)Y − g(Y, Z)X
for all vector fields X, Y, Z on M . The Weyl tensor W of the pseudo-Riemannian manifold
(M, g) is defined by the equality
W = R +RL, (3)
where the tensor RL is defined by
RL(X, Y ) = LX ∧ Y +X ∧ LY, (4)
5
L =
1
d− 2
(
Ric− s
2(d− 1) id
)
is the Schouten tensor and s is the scalar curvature.
Suppose that the restricted holonomy group Hol0(M, g) is not weakly irreducible. The Wu
decomposition Theorem [27] states that each point of M has a neighborhood U such that
(U, g|U) is a product
(U, g|U) = (M1 ×M2, g1 + g2)
of two pseudo-Riemannian manifolds (M1, g1) and (M2, g2). Let d1 and d2 be the dimensions of
these manifolds. For the curvature tensors, Ricci operators and the scalar curvatures it holds
R = R1 +R2, Ric = Ric1+Ric2, s = s1 + s2.
First suppose that d ≥ 4. In this case W = 0 and we get
R1 +R2 = −RL. (5)
Assume that d1 ≥ d2 and d1 ≥ 2. The curvature tensor R1 can be written in the form
R1 =W1 − RL1 . Considering (5) restricted to TM1, we get that W1 = 0 and
1
d1 − 2
(
Ric1− s1
2(d1 − 1) id
)
=
1
d− 2
(
Ric1− s1 + s2
2(d− 1) id
)
. (6)
If d2 ≥ 2, then taking the trace in (6), we get
s1
d1(d1 − 1) = −
s2
d2(d2 − 1) .
Since s1 is a function on M1 and s2 is a function on M2, the both functions must be constant.
Substituting the last equality back to (6), we obtain
Ric1 =
s1
d1
id . (7)
Next,
R1(X, Y ) =
s1
d1(d1 − 1)X ∧ Y. (8)
The same holds for the second manifold. For the sectional curvatures we get
k1 =
s1
d1(d1 − 1) = −
s2
d2(d2 − 1) = −k2.
If d2 = 1, then (6) is equivalent to (7) and this implies (8). From this and the Schur Theorem it
follows that k1 is constant. If d1 = 2, then the curvature tensor R1 satisfies R1(X, Y ) = fX∧Y
for some function f on M1. The proof in this case is the same.
If d = 3, then d1 = 2 and d2 = 1. It holds R = R1 and R1(X, Y ) = fX ∧ Y for some function
f on M1. In this case (M, g) is conformally flat if and only if the Cotton tensor C defined by
C(X, Y, Z) = g((∇ZL)X, Y )− g((∇YL)X,Z)
is zero. This implies that f is constant, i.e. (M1, g1) has constant sectional curvature.
Now we have to prove that if Hol0(M, g) is irreducible, then it coincides with SO(r, s). Suppose
that Hol0(M, g) is irreducible and it is different from SO(r, s) and U( r
2
, s
2
). Then the manifold is
Einstein [6]. Since (M, g) is in addition conformally flat, (M, g) has constant sectional curvature
and its connected holonomy group must be either trivial or SO(r, s), i.e. we get a contradiction.
It is known that if a pseudo-Ka¨hlerian manifold is conformally flat, then it is flat [28], hence
Hol0(M, g) 6= U( r
2
, s
2
). This proves Theorem 5. 
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3 The curvature tensor and the Weyl curvature tensor
of Walker metrics
In order to prove Theorem 1, we give some information about the curvature tensor of the Walker
metric (1). For the fixed coordinates v, x1, ..., xn, u consider the field of frames
p = ∂v, Xi = ∂i − Ai∂v, q = ∂u − 1
2
H∂v.
Consider the distribution E generated by the vector fields X1, ..., Xn. The fibers of this dis-
tribution can be identified with the tangent spaces to the Riemannian manifolds with the
Riemannian metrics h(u). Denote by R0 the tensor corresponding to the family of the cur-
vature tensors of h(u) under this identification. Similarly denote by Ric(h) the corresponding
Ricci endomorphism acting on sections of E.
From the results of [14] it follows that the curvature tensor R of the metric g can be written in
the form
R(p, q) =− λp ∧ q − p ∧ ~v, R(X, Y ) = R0(X, Y )− p ∧ (P (Y )X − P (X)Y ), (9)
R(X, q) =− g(~v,X)p ∧ q + P (X)− p ∧ T (X), R(p,X) = 0 (10)
for all X, Y ∈ Γ(E). Here λ is a function, ~v ∈ Γ(E), T ∈ Γ(End(E)) is symmetric, T ∗ = T ,
R0 = R(h), and the tensor P ∈ Γ(E∗ ⊗ so(E)) satisfies
g(P (X)Y, Z) + g(P (Y )Z,X) + g(P (Z)X, Y ) = 0 for all X, Y, Z ∈ Γ(E).
These elements may be found in terms of the coefficients of the metric (1). Let P (Xk)Xj =
P ijkXi and T (Xj) =
∑
i TijXj. Then
hilP
l
jk = g(R(Xk, q)Xj, Xi), Tij = −g(R(Xi, q)q,Xj).
Using direct computations, we obtain
λ =
1
2
∂2vH, ~v =
1
2
(
∂i∂vH −Ai∂2vH
)
hijXj , (11)
hilP
l
jk =−
1
2
∇kFij + 1
2
∇kh˙ij − Γ˙lkjhli, (12)
Tij =
1
2
∇i∇jH − 1
4
(Fik + h˙ik)(Fjl + h˙jl)h
kl − 1
4
(∂vH)(∇iAj +∇jAi) (13)
− 1
2
(Ai∂j∂vH + Aj∂i∂vH)− 1
2
(∇iA˙j +∇jA˙i)
+
1
2
AiAj∂
2
vH +
1
2
h¨ij +
1
4
h˙ij∂
2
vH,
where
F = dA, Fij = ∂iAj − ∂jAi
is the differential of the 1-form A, and the covariant derivatives are taken with respect to the
metric h. In the case of h, A and H independent of u, the curvature tensor of the metric (1) is
found in [18].
The Ricci operator has the following form:
Ric(p) =λp, Ric(X) = −g(X, R˜icP − ~v)p+ Ric(h)(X), (14)
Ric(q) =− (trT )p− R˜ic(P ) + ~v + λq, (15)
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where R˜icP = hijP (Xi)Xj [15]. For the scalar curvature we get s = 2λ + s0, where s0 is the
scalar curvature of h. Using this, we may compute the tensor RL,
RL(p,X) =
1
n
p ∧
(
Ric(h) +
(n− 1)λ− s0
n+ 1
id
)
X, (16)
RL(p, q) =
1
n
(
2nλ− s0
n + 1
p ∧ q + p ∧ (~v − R˜icP )
)
, (17)
RL(X, Y ) =
1
n
(
p ∧ (g(X,~v − R˜icP )Y − g(Y,~v − R˜icP )X) (18)
+
(
Ric(h)− s
2(n + 1)
)
X ∧ Y +X ∧
(
Ric(h)− s
2(n+ 1)
)
Y
)
,
RL(X, q) =
1
n
(
(trT )p ∧X + g(X,~v − R˜icP )p ∧ q +X ∧ (~v − R˜icP ) (19)
+
(
Ric(h) +
(n− 1)λ− s0
n+ 1
id
)
X ∧ q
)
.
The Weyl tensor W can be computed using this and (3).
4 Proof of Theorem 1
Suppose that (M, g) is a Walker manifold, i.e. its holonomy algebra is contained in sim(n).
The local form of the metric g is given by (1). Suppose that g is conformally flat, i.e. W = 0.
Lemma 1 The equation W = 0 is equivalent to the following system of equations:
s0 = −n(n− 1)λ, R0 = −1
2
λRid, P (X) = ~v ∧X, T = f idE , (20)
where X is any section of E and f is a function. In particular, W = 0 implies that R˜icP =
−(n− 1)~v and the Weyl tensor W0 of h is zero.
Proof. Suppose that W = 0. Then it holds R = −RL. From (10) and (16) it follows that
Ric(h) = − (n−1)λ−s0
n+1
id. Taking the trace, we get s0 = −n(n − 1)λ. Hence, Ric(h) = s0n id, i.e.
the metrics h are Einstein, and it holds
R0 =W0 − s0
2n(n− 1)Rid.
From (9) and (18) it follows that
R0 +
s0
2n(n− 1)Rid = 0.
We conclude that W0 = 0. Using (10) and (19), we get P (X) = − 1nX ∧ (~v − R˜icP ). Applying
R˜ic, we obtain R˜icP = −(n−1)~v. Consequently, P (X) = ~v∧X . From (10) and (19) it follows
that T (X) = 1
n
(trT )X , i.e. T = f id for a function f . Conversely, (20) implies W = 0. 
Since h is independent of v, ∂vλ = 0. From (11) it follows that
H = λv2 +H1v +H0, ∂vH1 = ∂vH0 = 0.
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From (12) it follows that the components of tensor P do not depend on the coordinate v. This,
the equation P (X) = ~v ∧X and (11) imply that ∂i∂2vH = 0, i.e. ∂iλ = 0, consequently s0 and
λ are functions depending only on u. Note that for n ≥ 3 this follows also from Ric(h) = s0
2
id.
We conclude that each metric in the family h(u) is of constant sectional curvature. There exists
a transformation x˜i = x˜i(xk, u) of the coordinates x1, ..., xn depending on the parameter u such
that with respect to the new coordinates the metric h takes the form
h = Ψ
n∑
k=1
(dxk)2, Ψ =
4
(1− λ(u)∑nk=1(xk)2)2 .
Considering the transformation v˜ = v, x˜i = x˜i(xk, u), u˜ = u, we may assume that h in (1) has
the just obtained form.
Let us consider the equation Tij = fδij. From (13) it follows that f = vf1+f0, ∂vf1 = ∂vf = 0.
Applying ∂v to Tij = fδij , we get the equations
f1δij =
1
2
∇i∇jH1 − λ(u)1
2
(∇iAj +∇jAi).
These equations are equivalent to the equations
∇iZi = ∇jZj , ∇iZj +∇jZi = 0, i 6= j, (21)
where
Zi = λAi − 1
2
∂iH1. (22)
Note that ~v = −ZihijXj. The Christoffel symbols of the metric h are the following:
Γkij =
1
2Ψ
(δkj∂iΨ+ δki∂jΨ− δij∂kΨ).
Using that, the above equations may be rewritten in the form
∂i
(
Zi
Ψ
)
= ∂j
(
Zj
Ψ
)
, ∂i
(
Zj
Ψ
)
+ ∂j
(
Zi
Ψ
)
= 0, i 6= j. (23)
We will distinguish the cases n = 2 and n ≥ 3.
Case n ≥ 3.
Lemma 2 If n ≥ 3, then the general solution of the system
∂ifi = ∂jfj, ∂ifj + ∂jfi = 0, i 6= j
has the form
fi = x
iBkx
k − 1
2
Bi
n∑
k=1
(xk)2 + dikx
k + cxi + ci,
where Bi, ci, c, dik ∈ R, dki = −dik.
Proof. Let i, j, k be pairwise different, then
∂i∂jfk = −∂i∂kfj = ∂k∂jfi = −∂i∂jfk,
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i.e. ∂i∂jfk = 0. This shows that fk =
∑
i 6=k Cki(x
i, xk). Then it is not hard to find these
functions. 
We conclude that
Zi = Ψ
(
xiBk(u)x
k − 1
2
Bi(u)
n∑
k=1
(xk)2 + dik(u)x
k + c(u)xi + ci(u)
)
, (24)
where Bi(u), ci(u), c(u), dik(u) are functions of u, and dki(u) = −dik(u).
The system of equations that we have solved is very similar to the equation of the Killing
1-form:
∇iZj +∇jZi = 0.
Let us prove the following lemma.
Lemma 3 Any Killing vector field on the space with the metric Ψ
∑n
k=1(dx
k)2 has the following
form
X = X i∂i, X
i = fikx
k − 2λxickxk + λci
n∑
k=1
(xk)2 + ci,
where bi, fik ∈ R, fki = −fik.
Depending on the value of λ, the above metric is the metric of one of the spaces: the sphere,
the Lobachevskian space, the Euclidean space. This description corresponds to the fact that
the Lie algebra k of the Killing vector fields on these spaces is isomorphic respectively to
so(n + 1), so(1, n), iso(Rn). The symmetric decomposition of the Lie algebra k is of the form
k = so(n) + Rn. The vector fields defined by the numbers fik correspond to elements of so(n),
while the vector fields defined by the numbers ci correspond to elements of R
n.
Proof of Lemma 3. Consider the Killing 1-form Zi = hijX
j. In addition to equations (21) it
satisfies the equations ∇iZi = 0. These equations take the form
∂i
(
Zi
Ψ
)
= − 1
2Ψ2
n∑
k=1
Zk∂kΨ.
This implies that Zi = Ψfi, where fi are given by Lemma 2 with c = 0 and Bk = −2λck. This
proves the Lemma. 
From (22) it follows that
λFij = ∂iZj − ∂jZi = Ψ 32
(
(Bi− 2λCi)xj − (Bj − 2λCj)xi+2λxk(djkxi− dikxj)
)− 2Ψdij. (25)
This easily implies that Bi(u) = λ(u)B˜i(u) for some functions B˜i(u).
From (12) and (11) it follows that the equation P (X) = ~v ∧X takes the form
− 1
2
∇kFij − δikΨ
2
∂u∂j lnΨ + δjk
Ψ
2
∂u∂j lnΨ
= Ψ
(
1
2
∂jH1 − λAj
)
δki −Ψ
(
1
2
∂iH1 − λAi
)
δkj . (26)
If i, j, k are pair-wise different, then
0 = ∇kFij = ∂kFij − 1
Ψ
Fij∂kΨ− 1
2Ψ
Fkj∂iΨ− 1
2Ψ
Fik∂jΨ
= Ψ∂k
(
Fij
Ψ
)
− λFkjxi
√
Ψ− λFikxj
√
Ψ.
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Using this and Equation (25), we obtain
−∂k
(
Fij
Ψ
)
= λxkΨ
(
(B˜j−2Cj)xi−(B˜i−2Ci)xj
)
+2
√
Ψ(xidkj−xjdki)
)
+2λΨxk(xjdil−xidjl)xl.
Integrating over xk, we get
Fij = Ψ
3
2
(
(B˜i − 2Ci)xj − (B˜j − 2Cj)xi + 2(dlixj − dljxi)xl
)−ΨCij(xi, xj , u) (27)
for some functions Cij(x
i, xj , u). Comparing this with (25), we conclude that dij =
λ
2
Cij.
Equation (26) for k = i 6= j is of the form
∇iFij = −Ψ∂u∂j lnΨ + 2ΨZj.
Direct computations show that
∇iFij = Ψ 32∂i
(
Fij
Ψ
3
2
)
+ λFljx
l
√
Ψ.
Using this, (22), (25) and (27), we get
Ψ
3
2
(
−2dij − ∂i Cij√
Ψ
)
+Ψ∂u∂j lnΨ−Ψ2
(
λDkx
kxj − 1
2
Dj
n∑
k=1
(xk)2 + 2c(u)xj +
1
2
Dj
)
= 0,
where Dk = B˜k + 2Ck. Using the equalities
∂j∂u lnΨ = λ˙x
jΨ, ∂i
Cij√
Ψ
= −λxiCij + ∂iCij√
Ψ
, dij =
λ
2
Cij,
we get
−∂iCij −Ψ
(
λDkx
kxj − 1
2
Dj
n∑
k=1
(xk)2 + (2c(u)− λ˙)xj + 1
2
Dj
)
= 0.
If λ(u) 6= 0, then the equality dij = λ2Cij implies ∂iCij = 0. Consequently, Dk = 0 and c = 12 λ˙.
If λ(u) = 0, then we get
∂j∂iCij + 4(Djxj − (2c− λ˙)) = 0.
Here we wrote xj instead of x
j in order to avoid the sum over j. Since Cij = −Cji, we get
Dj = 0, c =
1
2
λ˙, and ∂iCij = 0. Thus it holds Dk = 0, B˜k = −2Ck, c = 12 λ˙, and dij = λ2Cij,
where Cij are functions of u. We conclude that
Fij = Ψ
3
2
(
4Cj(u)x
i − 4Ci(u)xj + λ(u)(Cli(u)xj − Clj(u)xi)xl
)−ΨCij(u). (28)
Recall that F = dA. In [18] it is noted that the transformation v 7→ v−φ(x1, ..., xm, u) changes
Ai to Ai + ∂iφ. Clearly, this transformation does not change F . This allows us to choose any
A such that dA = F . We take
Ai = Ψ
(
−4Ck(u)xkxi + 2Ci(u)
n∑
k=1
(xk)2 +
1
2
Cik(u)x
k
)
.
Consider the coordinate transformation with the inverse one
v = v˜, xi = Aij(u˜)x˜
j , u = u˜, (29)
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where Aij(u) is a family of orthogonal matrices. It is easy to check that
A˜i =
n∑
k=1
Aki (u)(∂uA
k
l (u))x˜
l + Aki (u)Ai.
The obtained metric has the same form and it holds
C˜i(u) = Cj(u)A
j
i (u), C˜ij(u) =
n∑
k=1
Aki (u)∂uA
k
j (u) +
1
2
Ari (u)Crk(u)A
k
j (u).
Consider the equation C˜ij(u) = 0. Since
∑n
k=1A
i
k(u)A
j
k(u) = δ
ij, it can be written in the form
∂uA
k
i (u) = A
j
i (u)
1
2
Cjk(u).
Since Cjk(u) is skew-symmetric,
1
2
Cjk(u) is a curve in the Lie algebra so(n). Then A
k
i (u)
satisfying the above equation is nothing else as the development of the curve 1
2
Cjk(u) in the
Lie group SO(n). Thus, applying such transformation, we may assume that Cij(u) = 0.
Next,
∂iH1 = 2λAi − 2Zi = −2Ψ
(
2λCk(u)x
kxi − λCi(u)
n∑
k=1
(xk)2 +
1
2
λ˙xi + Ci(u)
)
.
We conclude that
H1 = −4Ck(u)xk
√
Ψ− ∂u lnΨ +K(u)
for some function K(u).
We are left with the only unknown function H0. Consider equations Tij = fδij . If i 6= j, then
∇i∇jH0 =
√
Ψ∂i∂j
H0√
Ψ
, and using (13), we obtain
∂i∂j
H0√
Ψ
= 2Ψ
3
2xixj
n∑
k=1
C2k(u).
If λ(u) 6= 0, then the function 4
λ2(u)
Ψ
∑n
k=1C
2
k(u) is a partial solution of the system. The
general solution is of the form
H0 =
4
λ2(u)
Ψ
n∑
k=1
C2k(u) +
√
Ψ
n∑
k=1
fk(x
k, u).
The condition ∇i∇iH0 = ∇j∇jH0 implies ∂2i fi = ∂2j fj , hence
fi(x
i, u) = a(u)(xi)2 +Di(u)xi + di(u)
for some functions a(u), Di(u), di(u). We see that H0 is as in the statement of the theorem for
the case λ(u) 6= 0. The case λ(u) = 0 is similar.
Case n = 2. The system of equations (23) takes the form
∂1
(
Z1
Ψ
)
= ∂2
(
Z2
Ψ
)
, ∂1
(
Z2
Ψ
)
+ ∂2
(
Z1
Ψ
)
= 0 (30)
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that implies only that Z1
Ψ
and Z2
Ψ
are real and imaginary parts of a complex homomorphic
function of the variable x1 + ix2.
Note that
∇1F12 = Ψ∂1F12
Ψ
, ∇2F12 = Ψ∂2F12
Ψ
.
Using (26), we get
Z1 = −1
2
∂2
F12
Ψ
+
1
2
∂u∂1 lnΨ, Z2 =
1
2
∂1
F12
Ψ
+
1
2
∂u∂2 lnΨ.
Substituting that to the first equation in (30), and using the equality ∂u∂i lnΨ = λ˙x
iΨ, we get
∂1∂2
F12
Ψ
3
2
= 0.
This implies
F12 = Ψ
3
2 (f1(x
1, u) + f2(x
2, u)).
Substituting that to the second equation in (30), we obtain ∂21f1 = ∂
2
2f2, i.e.
f1 = t(u)(x
1)2 + a1(u)x1 + b1(u), f2 = t(u)(x
2)2 + a2(u)x2 + b2(u).
It holds
∂1H1 = 2Z1 + 2λA1, ∂2H1 = 2Z2 + 2λA2.
Consequently,
0 = ∂2∂1H1 − ∂1∂2H1 = −2λF12 + 2∂2Z1 − 2∂1Z2.
Direct computations show that this implies t = λb. Thus,
F12 = Ψ
3
2 (λ(u)b(u)((x1)2 + (x2)2) + ai(u)x
i(u) + b(u)).
Equality (28) for n = 2 can be rewritten in the form
F12 = Ψ
3
2
(
−1
2
λ(u)C12(u)((x
1)2 + (x2)2)− 1
2
C12(u) + 4C2(u)x
1 − 4C1(u)x2
)
.
This shows that Fij is the same as for n ≥ 3, and the rest of the proof for n = 2 is the same as
for n ≥ 3. The theorem is true. 
5 Proof of Theorem 2
Consider the coordinates v, x1, ..., xn, u and the metric g is in Theorem 1.
1) Suppose that λ(u) is nowhere vanishing. Consider the transformation
v 7→ v − φ, φ = 2
λ(u)
Ck(u)x
k
√
Ψ.
Then Ai changes to
Ai + ∂iφ = Ψ
(
−2Ck(u)xkxi + Ci(u)
n∑
k=1
(xk)2 +
Ci(u)
λ(u)
)
.
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By Lemma 3, for each u, hikAk is a Killing vector field of the Riemannian metric h(u).
Following the ideas from [16], we are looking for a coordinate transformation in order to set Ai
to zero. Consider the coordinate transformation with the inverse one given by
v = v˜, xk = xk(x˜i, u), u = u˜.
It holds
A˜k =
∂xi
∂x˜k
(
Ai + hij
∂xj
∂u
)
.
The equation A˜k = 0 is of the form
∂xj(x˜1, ..., x˜n, u)
∂u
= V j(x1(x˜1, ..., x˜n, u), ..., xn(x˜1, ..., x˜n, u), u),
where V j = −hjkAk. Considering x˜1, ..., x˜k as parameters and imposing the initial dates
xi(x˜1, ..., x˜n, u0) = x˜
i,
we see that the above system is a system of ordinary differential equations depending on the
initial dates as on parameters. Such system has a unique solution that gives the required
transformation. Since for each u, hikAk is a Killing vector field of the Riemannian metric h(u),
the transformation xk = xk(x˜i, u) is an isometry, hence h remains the same. Thus we get the
metric from Theorem 1 with Ci(u) = 0. Applying the transformation v 7→ v + 12λ(u)K(u), we
get H1 = −∂u lnΨ.
2) Suppose that λ is constantly zero. The from F is given by
Fij = 32(Cj(u)x
i − Ci(u)xj).
As it is explained in the proof of Theorem 1, we may take Ai = 16Ci(u)
∑n
k=1(x
k)2. Considering
the transformation xi 7→ xi
2
, and redenoting 2Ci(u) by Ci(u), we get A = Ci(u)
∑n
k=1(x
k)2dxidu,
i.e. Ai = Ci(u)
∑n
k=1(x
k)2. Moreover, h =
∑n
k=1(dx
k)2. From the equation P (X) = ~v ∧ X it
follows that
∂jH1 = −∇iFij = −2Cj .
Hence, H1 = −2Ckxk +K(u) for some function K(u).
Suppose that
∑n
k=1C
2
k 6≡ 0. Consider the coordinate transformation with the inverse one
v = v˜, xi = x˜i + bi(u˜), u = u˜
such that 2Ci(u)b
i(u) = K(u). After that H1 = −2Ci(u)xi, i.e. we may assume that K(u) = 0.
The equation Tij = fδij for i 6= j takes the form
1
2
∂i∂jH0 = x
ixj
n∑
k=1
Ck − 2Ckxk(Cjxi + Cixj)− CiCj
n∑
k=1
(xk)2 + (C˙jx
i + C˙ix
j).
The general solution to this system under the condition Tii = Tjj is given in the statement of
the theorem.
Suppose that
∑n
k=1C
2
k ≡ 0. It is easy to check that the non-zero components of the curvature
tensor are Riuju, Ruiuj , Riuuj , Ruiju, hence the metric is a pp-wave [13], i.e. h =
∑n
k=1(dx
k)2,
A = 0, and H = H0. Moreover,
H0 = a(u)
n∑
i=1
(xi)2 +Di(u)x
i +D(u).
14
Consider the new coordinates
v˜ = v −
∑
j
dbj(u)
du
xj + d(u), x˜i = xi + bi(u), u˜ = u.
We obtain the metric of the same form with
H˜0 = a(u)
n∑
i=1
(xi)2 + D˜i(u)x
i + D˜(u),
where
D˜j = −2 d
2bj
(du)2
+ 2abj +Dj, (31)
D˜ = 2
dd(u)
du
+
∑
j
(
dbj
du
)2
+ a
∑
j
(bj)2 +Dib
i +D. (32)
Equation (31) implies the existence of bj(u) such that D˜k = 0. Using the last equation, we can
chose d(u) such that D˜ = 0. Thus,
H0 = a(u)
n∑
i=1
(xi)2.
The theorem is true. 
6 Proof of Theorem 3
We consider the metric g from Theorem 1 and consider different cases.
Suppose that λ ≡ 0 on M . Suppose that ∑nk=1C2k 6≡ 0. Then there exists a point x ∈ M such
that ~vx 6= 0. The condition on the curvature tensor shows that
Rx(px, qx) = −px ∧ ~vx, Rx(X, Y ) = px ∧ ((X ∧ Y )~vx).
This shows that px ∧ Ex ⊂ g. Next,
Rx(~vx, qx) = −g(~vx, ~vx)px ∧ qx − px ∧ Tx(~vx),
which implies Rpx ∧ qx ⊂ g. Finally,
Rx(X, qx) = −g(~vx, X)px ∧ qx + ~vx ∧X − px ∧ Tx(X).
Since the bivectors of the form ~vx ∧X generate the Lie algebra so(Ex), we conclude that
g = Rpx ∧ qx + so(Ex) + px ∧ Ex ≃ sim(n).
If
∑n
k=1C
2
k ≡ 0 and a2 6≡ 0, then the metric is given by (2), and its holonomy algebra coincides
with Rn. If
∑n
k=1C
2
k(u) ≡ 0 and a2(u) ≡ 0, then the metric is flat.
Suppose that λ is a non-zero constant, then the metric can be written as the first metric from
Theorem 2. It holds
R(p, q) = −λp ∧ q, R(X, Y ) = −1
2
λX ∧ Y, X, Y ∈ Γ(E).
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This shows that g contains the subalgebra R⊕ so(n) ⊂ sim(n). Next,
Tii = λΨ
3
2Dkx
k +Ψ(
√
Ψ− 1)(a+ λD).
If
∑n
k=1D
2
k+(a+λD)
2 6≡ 0, then the tensor T is not identical zero, and the equality R(X, q) =
−n tr Tp ∧X shows that g contains Rn ⊂ sim(n), i.e. g = sim(n). Otherwise,
g = Ψ
n∑
k=1
(dxk)n + 2dvdu+ (λv2 + 2D(u))(du)2.
We see that g is decomposable. The metric 2dvdu+(λv2+2D(u))(du)2 is of constant sectional
curvature λ
2
, hence it is isometric to the metric 2dvdu+ λv2(du)2.
Suppose that λ˙ 6≡ 0 for some coordinate system. Then λ 6≡ 0 on an open subset of the definition
domain of this system, and the metric can be written as the first metric from Theorem 2. It
holds ~v = −1
2
λ˙xi∂i. Let x be any point such that ~vx 6= 0. It holds
Rx(px, qx) = −λxpx ∧ qx − px ∧ ~vx ∈ g,
Rx(X, Y ) = −λ
2
X ∧ Y + px ∧ ((Y ∧X)~vx) ∈ g, X, Y ∈ TxM.
Taking the Lie bracket of the last two elements of g, we obtain px ∧ ((Y ∧ X)~vx) ∈ g. This
shows that g contains the subalgebra isomorphic to Rn ⊂ g. The above two equalities imply
that g contains the subalgebra R⊕ so(n) ⊂ sim(n). Thus, g = sim(n).
The theorem is true. 
7 The Ricci operator of the obtained metrics
The Ricci operator of the metric (2) has the form
Ric = na(u)∂v ⊗ du,
in particular, Ric2 = 0.
In [7], complete conformally flat Lorentzian manifolds (M, g) satisfying the condition
[R(X, Y ),Ric] = 0 (33)
are studied. It is shown that these manifolds are exhausted by the spaces of constant sectional
curvature, by the products of two spaces of constant sectional curvature, and by products of
spaces of constant sectional curvature with intervals. The Ricci operator of the metric (2)
satisfies (33). Moreover, such metric is complete, e.g. for a(u) = 1, i.e. for the Cahen-Wallach
spaces. Thus some metrics in [7] are loosen. In [10], pseudo-Riemannian conformally flat
manifolds (M, g) satisfying (33) are studied. It is shown that in addition to the obvious cases,
(M, g) may be a complex sphere or a space satisfying Ric2 = 0. Various examples of conformally
flat manifolds with Ric2 = 0 are constructed in [11].
The Ricci operator of the second metric from Theorem 2 is the following:
Ric(p) = 0, Ric(X) = ng(X,~v)p, Ric(q) = nT11p+ n~v, X ∈ Γ(E),
here ~v = −∑nk=1Ck(u)Xk. The function T11 can be found using (13). It holds Ric2 6= 0 and
Ric3 = 0. Condition (33) is not satisfied. The scalar curvature of this metric is zero.
For the first metric form Theorem 2 it holds
Ric(p) = λp, Ric(X) = ng(X,~v)p− (n− 1)λX, Ric(q) = nT11p+ n~v + λq,
where ~v = −1
2
λ˙ΨxkXk. The Ricci operator is not nilpotent. The scalar curvature equals to
2λ+ s0 = −(n− 2)(n+ 1)λ and it is zero only in dimension four.
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8 The case of dimension 4
Applying Theorem 5 to a conformally flat nonflat Lorentzian manifold (M, g) of dimension 4
with the holonomy algebra g ⊂ so(1, 3), we obtain that (M, g) must satisfy one of the following
conditions:
1) g = so(1, 3);
2) g ⊂ sim(2), i.e. (M, g) is as in Theorem 1 with n = 2;
3) g = so(1, 1)⊕so(2), and (M, g) is locally isometric either to the product of (dS2, cgdS2) with
(L2, cgL2), or to the product of (AdS2, cgAdS2) with (S
2, cgS2);
4) g = so(1, 2), and (M, g) is locally isometric to the product of (R, (dt)2) either with (dS3, cgdS3),
or with (AdS3, cgAdS3); or g = so(3), and (M, g) is locally isometric to the product of
(R,−(dt)2) either with (S3, cgS3), or with (L3, cgL3).
Here c > 0 is a constant, and Sn, Ln, dSn, AdSn denote, respectively the sphere, Lobachevskian
space, de Sitter space and anti de Sitter space with there standard metrics. The standard
Friedmann-Robertson-Walker spacetimes are conformally flat and give examples of holonomy
so(1, 3) [9].
Possible holonomy algebras of conformally flat 4-dimensional Lorentzian manifolds are classified
also in [9]. The first metric from Theorem 1 in dimension 4 is given in [25]. In [9], it is stated
that it is an open problem to construct a conformally flat metric with the holonomy algebra
sim(2) (which is denoted in [9] by R14). An attempt to construct such metric is made in [17],
where the following metric is constructed:
g = 2dxdt+ 4ydtdy − 4zdtdz + (dy)
2
2y2
+
(dz)2
2y2
+ 2(x+ y2 − z2)2(dt)2. (34)
This metric is conformally flat. Making the transformation
x 7→ x− y2 + z2, y 7→ y, z 7→ z, t 7→ t,
we obtain
g = 2dxdt+ 2x2(dt)2 +
(dy)2
2y2
+
(dz)2
2y2
. (35)
We get that the metric (34) is decomposible and its holonomy algebra coincides with so(1, 1)⊕
so(2), but not with sim(2). Thus in this paper we get metrics with the holonomy algebra sim(2)
for the first time (even more, recall that we find all such metrics).
References
[1] D. V. Alekseevskii, B. N. Kimel’fel’d, Classification of homogeneous conformally flat Rie-
mannian manifolds, Mathematical Notes, 1978, 24:1, 559–562.
[2] D. V. Alekseevsky, A. S. Galaev, Two-symmetric Lorentzian manifolds. J. Geom. Phys. 61
(2011) no. 12, 2331–2340.
[3] H. Baum, Conformal Killing spinors and the holonomy problem in Lorentzian geometry
– a survey of new results. Symmetries and overdetermined systems of partial differential
equations, 251–264, IMA Vol. Math. Appl., 144, Springer, New York, 2008.
17
[4] Ya. V. Bazaikin, Globally hyperbolic Lorentzian spaces with special holonomy groups,
Siberian Mathematical Journal, 2009, 50:4, 567579
[5] M. Brozos-Va´zquez et al. The geometry of Walker manifolds. Synthesis Lectures on Math-
ematics and Statistics, 5. Morgan & Claypool Publishers, Williston, VT, 2009. xviii+159
pp.
[6] R. Bryant, Classical, exceptional, and exotic holonomies: a status report. Actes de la Table
Ronde de Ge´ome´trie Diffe´rentielle (Luminy, 1992), Semin. Congr., 1, Soc. Math. France,
Paris (1996), 93–165.
[7] M. Erdogan, T. Ikawa, On conformally flat Lorentzian spaces satisfying a certain condition
on the Ricci tensor. Indian J. Pure Appl. Math. 26 (1995), no. 5, 417–424.
[8] G. Hall, Projective relatedness and conformal flatness. Cent. Eur. J. Math. 10 (2012), no.
5, 1763–1770.
[9] G. S. Hall, D. P. Lonie, Holonomy groups and spacetimes, Class. Quantum Grav. 17 (2000),
1369–82
[10] K. Honda, Conformally flat semi-Riemannian manifolds with commuting curvature and
Ricci operators. Tokyo J. Math. 26 (2003), no. 1, 241–260.
[11] K. Honda, K. Tsukada, Conformally flat semi-Riemannian manifolds with nilpotent Ricci
operators and affine differential geometry. Ann. Global Anal. Geom. 25 (2004), no. 3,
253–275.
[12] K. Honda, K. Tsukada, Three-dimensional conformally flat homogeneous Lorentzian man-
ifolds. J. Phys. A 40 (2007), no. 4, 831–851.
[13] A. S. Galaev, T. Leistner, Holonomy groups of Lorentzian manifolds: classification, exam-
ples, and applications. Recent developments in pseudo-Riemannian geometry, 53–96, ESI
Lect. Math. Phys., Eur. Math. Soc., Zu¨rich, 2008.
[14] A. S. Galaev, The spaces of curvature tensors for holonomy algebras of Lorentzian mani-
folds. Diff. Geom. and its Applications 22 (2005), 1–18.
[15] A. S. Galaev, One component of the curvature tensor of a Lorentzian manifold. J. Geom.
Phys. 60 (2010), 962–971.
[16] A. S. Galaev, T. Leistner, On the local structure of Lorentzian Einstein manifolds with
parallel distribution of null lines, Class. Quantum Grav. 27 (2010), 225003 (16pp.).
[17] R. Ghanam, G. Thompson, Two special metrics with R14-type holonomy, Class. Quantum
Grav. 18 (2001), 2007–2014.
[18] G. W. Gibbons, C. N. Pope, Time-Dependent Multi-Centre Solutions from New Metrics
with Holonomy Sim(n− 2), Class. Quantum Grav. 25 (2008) 125015 (21pp).
[19] V. F. Kirichenko, Conformally flat and locally conformal Ka¨hler manifolds, Mathematical
Notes, 1992, 51:5, 462–468.
[20] M. Kurita, On the holonomy group of the conformally flat Riemannian manifold. Nagoya
Math. J. 9 (1955), 161–171.
[21] T Leistner, P Nurowski, Ambient metrics for n-dimensional pp-waves. Commun. Math.
Phys. 296 (2010), no. 3, 881–898.
18
[22] J.D. Norton, Einstein, Nordstro¨m and the early demise of scalar, Lorentz-covariant theories
of gravitation. Arch. Hist. Exact Sci. 45 (1992), no. 1, 17–94.
[23] N. Ravndal, Scalar gravitation and extra dimensions. Proceedings of the Gunnar Nord-
stro¨m Symposium on Theoretical Physics, 151–164, Comment. Phys.-Math., 166, Finn.
Soc. Sci. Lett., Helsinki, 2004.
[24] V. V. Slavskii, Conformally-flat metrics and pseudo-Euclidean geometry, Siberian Mathe-
matical Journal, 1994, 35:3, 605–613.
[25] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, E. Herlt, Exact solutions to
Einstein’s field equations (Second edition), (CUP 2003).
[26] V. P. Vizgin Relativistic theory of gravity (origins and forming, 19001915), Moscow, Nauka
1981.
[27] H. Wu, On the de Rham decomposition theorem. Illinois J. Math. 8 (1964), 291–311.
[28] K. Yano, On pseudo-Hermitian and pseudo-Ka¨hlerian manifolds. Proceedings of the In-
ternational Congress of Mathematicians, 1954, Amsterdam, vol. III, pp. 190–197.
19
